The notion of relative derived category with respect to a subcategory is introduced. A triangle-equivalence, which extends a theorem of Gao and Zhang [Gorenstein derived categories, J. Algebra 323 (2010) 2041-2057] to the bounded below case, is obtained. Moreover, we interpret the relative derived functor Ext X A (−, −) as the morphisms in such derived category and give two applications.
Introduction
For an abelian category A with enough projective objects, the Gorenstein (projective) derived category, which makes Gorenstein projective quasi-isomorphisms become isomorphisms, was introduced by Gao and Zhang [10] to close a gap of the corresponding version of derived category in so-called Gorenstein homological algebra. In particular, they established the triangle-equivalence
where res G(P) denotes the full subcategory of objects in A with finite Gorenstein projective dimension (see [10, Theorem 3.6] ). Moreover, they showed, as one of the advantages of such relative derived category, the relative derived functor we use the notation M ⊥ Y instead of {M} ⊥ Y. There is an analogue X ⊥ M. According to [21] , W is said to be a cogenerator for X if for each object X ∈ X , there exists a short exact sequence 0 → X → W → X ′ → 0 such that W ∈ W and X ′ ∈ X . W is called an injective cogenerator for X if W is a cogenerator for X and X ⊥ W. Generator and projective generator can be defined dually.
A complex X is often displayed as a sequence of objects in A · · · / / X −1 δ A complex X is called an X -resolution of M if X i ∈ X for all i 0, X i = 0 for all i > 0, H i (X) = 0 for all i < 0 and H 0 (X) ∼ = M. In this case, the associated exact sequence
we say that X is a proper X -resolution of M, and let res X denote the subcategory of objects in A admitting a proper Xresolution.
The X -projective dimension of M is the least non-negative n such that there exists an exact sequence 0
In this case, we write X -pd(M) = n. If no such n exists, we write X -pd(M) = ∞. The subcategory of objects in A with finite X -projective dimension is denoted by res X . For * ∈ {blank, −, b}, K * (A) and D * (A) stand for the corresponding homotopy category and derived category of A, respectively. We will often use the standard formula Hom
Let B be a triangulated subcategory of a triangulated category K, and let Σ be the compatible multiplicative system determined by B. In the Verdier quotient [ 
Relative Derived Categories
In what follows, we always assume that X and S are subcategories of A with S closed under direct summands. We begin with the following definition.
Let T be a subcategory of A. For * ∈ {blank, −, b}, we denote by K * (T ) the homotopy category with each complex constructed by objects in T and by K * X (T ) the subcategory of K * (T ) consisting of all X -acyclic complexes. 
Recall from [11] that a full triangulated subcategory C of a triangulated category D is said to be thick if it satisfies the following condition: assume that a morphism f : X → Y in D can be factored through an object from C, and enters a distinguished triangle X Note that a morphism f : S → T of complexes is an X -quasi-isomorphism if and only if its mapping cone cone(f ) is X -acyclic. Then, the collection of all Xquasi-isomorphisms in K * (S), denoted by Σ S X , is a saturated multiplicative system corresponding to the subcategory K * X (S).
Definition 3.4. For * ∈ {blank, −, b}, the relative derived category D * X (S) is defined to be the Verdier quotient of K * (S), that is,
Note that D * X (S) is the derived category in sense of Neeman [16] , of the exact category (S, E S X ), where E S X consists of all short X -acyclic sequences in S.
The next result will be used in the proof of Lemma 3.6. 
The next result is given in service of Lemma 3.8.
be a short exact sequence of complexes such that Ker(g) is X -acyclic and L remains exact after applying the functor Hom A (X , −), i.e., the sequence
of complexes is exact for each object X ∈ X . Then for each complex
and each morphism α : D → N, there exists a morphism β :
Proof. Without loss of generality, we may assume
To complete this proof, we need to construct a morphism
Continuing in this manner, we can get
Assume that X is closed under extensions and has an injective cogenerator. Then according to [20, Lemma 3.3(b) ], one has res X ⊆ res X , that is, every object in A with finite X -projective dimension admits a proper X -resolution. This fact helps us to get the following result, which plays a key role in the proof of Theorem 3.10.
Lemma 3.8. Assume that X is closed under extensions and has an injective cogenerator. Then for each object T ∈ K
− (res X ), there exists a short exact sequence
acyclic and it remains exact after
applying the functor Hom A (X , −), i.e., the sequence
of complexes is exact for each object X ∈ X .
We will divide the proof into three steps.
Step 1. There exists a short exact sequence 0
is X -acyclic and it remains exact after applying the functor Hom A (X, −) for each object X ∈ X .
Indeed, since T 0 ∈ res X it admits a proper X -resolution
by [20, Lemma 3.3(b) ], i.e., there is an associated exact sequence
Hence, we obtain the following short exact sequence of complexes
It is obvious that
remains exact after applying the functor Hom A (X, −) for each object X ∈ X and K(0) is X -acyclic.
Step 2. For every n 1, there exists a short exact sequence
To see this, we may assume that are done for n − 1. By a similar argument as in Step 1, one has a short exact sequence
of complexes as follows:
Then it follows from Lemma 3.7 that there exists a morphism ψ :
commutes. In particular, the diagram
commutes. Let D(n) be the mapping cone of ψ :
We now define a surjective morphism D(n) → T(n) of complexes as follows:
Then we obtain a short exact sequence
of complexes, which remains exact after applying the functor Hom A (X, −) for each X ∈ X . Define a morphism ϕ : K(n − 1) → K(n) of complexes as follows:
Then we get a short exact sequence
of complexes, which remains exact after applying the functor Hom A (X, −) for each object X ∈ X . Consequently, K(n) is also X -acyclic since K(n − 1) is so by the induction hypothesis.
Step 3. Set
n−1 and K
for all n 1. So we have the following complexes Clearly, H is a triangle functor. Moreover, Lemma 3.6 implies that H is fully faithful (the case S = res X ), and from Lemma 3.8 we know that H is dense. Thus, we obtain the main result of this paper. Recall from [21, Definition 4.1] that an acyclic complex of objects in X is called totally X -acyclic if it is Hom A (X , −)-exact and Hom A (−, X )-exact. Let G(X ) denote the subcategory of A whose modules are of the form M ∼ = Ker(δ 1 X ) for some totally X -acyclic complex X. In the special case X = P, the objects in G(P) are called Gorenstein projective objects of A. 
It is obvious that X = P satisfies the hypothesis of Corollary 3.13. Hence, we have the next triangle-equivalence, which extends [10, Theorem 3.6(1)] to the bounded below case.
The notion of semidualizing module goes back to [8] (where the more general PGmodule are studied) and [9] . Christensen [3] extended this notion to semidualizing complex. Recently, it has already been defined over arbitrary associative rings [12, Definition 2.1] . In what follows we assume that R is a commutative ring. Recall from [24] that an R-module C is called semidualizing if C admits a degree-wise finite projective resolution, Ext 1 R (C, C) = 0, and the natural homothety map R → Hom R (C, C) is an isomorphism. More examples of semidualizing module can be found in [3, 12, 14] .
Following [24] , an R-module is called C-projective (resp., C-f lat) if it is isomorphic to an R-module of the form C ⊗ R P for some projective (resp., flat) R-module P . An R-module is called C-injective if it is isomorphic to an R-module of the form Hom R (C, I) for some injective R-module I. Let P C (resp., F C , I C ) denote the subcategory of C-projective (resp., C-flat, C-injective) R-modules. A complete PP C -resolution is an exact and Hom R (−, P C )-exact complex X of R-modules with X i projective for i 0 and X i C-projective for i > 0. An R-module M is G Cprojective if there exists a complete PP C -resolution X such that M ∼ = Ker(δ 1 X ). A complete F F C -resolution is an exact and − ⊗ R I C -exact complex Z of R-modules with Z i flat for i 0 and Z i C-flat for i > 0. An R-module T is G C -f lat if there exists a complete F F C -resolution Z such that T ∼ = Ker(δ 1 Z ). Let GP C (resp., GF C ) denote the subcategory of G C -projective (resp., G C -flat) R-modules.
For more details about semidualizing modules and their related categories, we refer the reader to [12, 14, [19] [20] [21] [22] [23] [24] .
Corollary 3.15. Let R be a commutative ring and C a semidualizing R-module.
Then there exists a triangle-equivalence
Proof. From [24, Proposition 3.15] we know that GP C is exact. Moreover, according to [24, Propsition 2.6 and 2.7], P C ⊆ GP C and GP C ⊥ P C . Hence, it follows from [24, Proposition 3.16 ] that P C is an injective cogenerator for GP C . Then the result follows by Theorem 3.10.
If R is commutative noetherian, [19, Theorem I] said that GF C is exact and F cot C is an injective cogenerator for GF C , where F cot C denotes the subcategory of R-modules C ⊗ R H with H flat and cotorsion. Then by Theorem 3.10, we have Corollary 3.16. Let R be a commutative noetherian ring and C a semidualizing R-module. Then there exists a triangle-equivalence
(res GF C ).
Relative Cohomology and Applications
We begin this section with the following result, which will be used in the proofs of Theorem 4.2 and Proposition 4.5. Proof. We only prove the first assertion, and the second one can be proved similarly. Let Σ X be the compatible multiplicative system determined by K X (A), that is, the collection of all X -quasi-isomorphisms in prove that for any X -quasi-isomorphism f :
Then the canonical functor ( 
It is easy to check that g is also an X -quasi-isomorphism, and so is f g. This completes the proof.
Now we are in a position to give our anther main result, which is an analog of [10, Theorem 3.12].
Theorem 4.2. Let M and N be objects in
. This yields the third isomorphism in the following sequence According to [22, Fact 2 .6], we know that P C ⊥ P C , and P C is exact and closed under kernels of epimorphisms. Hence, it follows from Remark 3.12 that G(P C ) is also exact and closed under kernels of epimorphisms, and P C is both an injective cogenerator and a projective generator for G(P C ). Then we have the following result by Proposition 4.5. 
